The purpose of this paper is to describe a microscopically-based theory of the cuprates that combines the strong features of the above described antiferromagnetic and van Hove scenarios. The first step in the construction of such a theory is the observation that the ARPES quasiparticle dispersion may be caused by holes moving in a local antiferromagnetic environment, rather than by band structure effects. This idea is motivated by the existence of universal flat bands [5] [6] [7] near k = (π, 0), (0, π) in the spectrum of hole-doped cuprates (2D square lattice language), which are difficult to understand unless caused by correlation effects in the CuO 2 planes. Recently, [8, 9] it has been shown that models of correlated electrons can account for such flat bands, and here we further elaborate on this idea showing that the agreement with ARPES is quantitative.
Hove (vH) singularities in the density of states (DOS). [4] In this context, the quasiparticle dispersion is sometimes extracted from angle-resolved photoemission (ARPES) experiments or band structure calculations, a vertex interaction is proposed (usually invoking electronphonon or excitonic mechanisms), and predictions for superconductivity are made using standard techniques. The strong point of this approach is the natural existence of an optimal doping which occurs when the chemical potential reaches the vH singularity.
The purpose of this paper is to describe a microscopically-based theory of the cuprates that combines the strong features of the above described antiferromagnetic and van Hove scenarios. The first step in the construction of such a theory is the observation that the ARPES quasiparticle dispersion may be caused by holes moving in a local antiferromagnetic environment, rather than by band structure effects. This idea is motivated by the existence of universal flat bands [5] [6] [7] near k = (π, 0), (0, π) in the spectrum of hole-doped cuprates (2D square lattice language), which are difficult to understand unless caused by correlation effects in the CuO 2 planes. Recently, [8, 9] it has been shown that models of correlated electrons can account for such flat bands, and here we further elaborate on this idea showing that the agreement with ARPES is quantitative.
Using the well-known two dimensional (2D) t − J model defined by the Hamiltonian,
in the standard notation, the dispersion of one hole in an antiferromagnet can be calculated accurately [8] with numerical or analytical techniques. At small J/t, it was found that the hole dispersion is
which was calculated using a Green's Function Monte Carlo method.
[8] J = 0.125eV is the actual scale of the problem, and Eq. (2) shows that holes move within the same sublattice to avoid distorting the AF background. To improve the quantitative agreement with experiments described below, here a small hopping amplitude along the plaquette diagonals t ′ = 0.05t has been included in the Hamiltonian to produce the dispersion Eq.(2), but the qualitative physics presented in this paper is the same as long as |t ′ /t| is small. Now, let us assume a rigid band picture for the quasiparticles. [8] The dispersion is plotted in Fig.1a against momentum with the Fermi level at the flat band which corresponds to a hole density of x = 0.15 (in Fig.1a and 1c below, ǫ k is inverted i.e. the electron language is used rather than the hole language to facilitate the comparison with experiments). ǫ k contains a saddle-point located close to k = (π, 0), (0, π), which induces a large DOS in the spectrum.
In addition, ǫ k is nearly degenerate along the cosk x + cosk y = 0 line increasing the DOS in the vicinity of the Fermi level of Fig.1a . All these qualitative features are common to several models of correlated electrons, and should not be considered as exclusively produced by the t-J model.
What is the influence of a finite hole density on this dispersion? Recent experiments by Aebi et al. [10] have shown the presence of strong antiferromagnetic (AF) correlations in the normal state of BSSCO leading to the formation of hole pockets in their results. A rigid-band filling of ǫ k reproduces qualitatively their data (Fig.1b) . The most important detail to consider at a small but finite hole density is that the quasiparticle weight is smaller for the bands centered at momentum (π, π) than those at (0, 0) (as represented pictorially in Fig.1a -b, with dashed lines). These are the "shadow bands" which were discussed before in the spin-bag approach. [11] Another argument in favor of using our hole dispersion at a finite density also comes from experiments. In Fig.1c we compare ǫ k along the k = (0, 0) − (π, 0) direction against ARPES results by the Argonne group [5, 12] for YBCO. The agreement is excellent. It is worth emphasizing that the theoretical curve of Fig.1c is derived from a microscopic Hamiltonian, and it is not a fit of ARPES data. This is a major difference between the present approach and previous vH scenario calculations.
To further elaborate on whether our dispersion ( derived at x → 0) can be used at finite x, we have carried out extensive QMC numerical simulations of the 2D Hubbard model at several densities, a large coupling U/t = 8 (i.e. in the regime of the t-J model), and temperature T = t/4, where t ≈ 0.4eV. The results (Fig.2a) show that nearest and next-tonearest neighbor spins tend to be antiparallel even with hole densities as large as x = 0.25.
[13] Reducing the temperature, the correlations would be even stronger than those in Fig.2a .
Thus, the assumption that the dispersion Eq.(2) holds near half-filling is supported by numerical and experimental evidence. [14] The intuitive picture to remember is that as long as the antiferromagnetic correlation length is larger than the typical size of a quasiparticle, they will behave as if moving in a nearly perfect AF background.
As a second step in building up a model for the cuprates, the interaction among the hole quasiparticles is necessary, and it will be constructed based again on results obtained for the 2D t-J model. In this case, it is well-known that an effective attractive force exists in an antiferromagnet leading to the bound state of two holes in the d-wave channel. [15] Since this problem is non-trivial, we will simplify its analysis by studying the potential in the atomic limit (large J/t) where the attraction is induced by the minimization of the number of missing antiferromagnetic links [15] (similar to the attraction among spin-bags in a spin-density-wave background [11] ). Assuming that the link spin-spin correlation is not much distorted by the carriers in this limit, the binding energy of two holes is ∆ B = e 2h −2e 1h = J(
where e nh is the energy of n holes with respect to the antiferromagnetic ground state energy, and i and j are nearest neighbors. Accurate numerical simulations [16] have shown that S i · S j ≈ −0.3346, and thus ∆ B ≈ −0.6J. To mimic this effect, an attractive term is introduced that reduces the energy when two quasiparticles share the same link. Thus, the Hamiltonian proposed here is
where c kα is an operator that destroys a quasiparticle with momentum k and in sublattice α = A, B; n i is the number operator at site i; |V| = 0.6J, and ǫ k is given in Eq.(2) [17] . Since in the original t-J language quasiparticles with spin-up(down) move in sublattice A(B), the interaction term can also be written as a spin-spin interaction. To describe the subspace of zero spin of the original t-J model, half the quasiparticles must be in each sublattice. This
Hamiltonian has been deduced based on strong AF correlations, and it has a vH singularity in the noninteracting DOS, thus we will refer to it as the "antiferromagnetic-van Hove" (AFVH) model. Pictorially, it is shown in Fig.2b : quasiparticles move within the A or B sublattices and interact when they share a link. Note that in constructing the low energy AFVH Hamiltonian, retardation effects have been neglected. It will be shown below that this model leads to d-wave superconductivity, which is mainly induced by the real space potential among carriers.
[18] Thus, we do not believe that retardation effects will change the conclusions of this paper. The good results described below make this argument selfconsistent.
The AFVH model could be studied using powerful computational techniques, but their implementation is non-trivial. [19] Here, the analysis of the AFVH Hamiltonian will proceed with the standard BCS formalism. Since |V|/W ∼ 0.2, where W is the bandwidth of the quasiparticles, the gap equation should produce a reliable estimation of the critical temperature since we are effectively exploring the "weak" coupling regime of the AFVH model.
Solving the gap equation on 200 × 200 grids, we observed that the free energy is minimized using a d x 2 −y 2 order parameter. After straightforward algebra it can be shown that the gap equation for the thermodynamical properties in this channel is
where
(cosk x − cosk y ), ∆ 0 is the parameter to be obtained self-consistently, N is the number of sites, and T is the temperature. Note that the Tdependence of µ cannot be neglected. In Fig.2c , T c against the hole density is shown. [20] Two features need to be remarked: i) an optimal doping exists at which T c is maximized which is a direct consequence of the presence of a large peak in the DOS of the quasiparticles;
ii) the optimal doping (15%) and optimal T c of about 100K are in excellent agreement with the cuprates phenomenology. [21] Although in the effective AFVH Hamiltonian the natural scale of the problem is J ∼ 1000K, since the ratio between coupling and bandwidth is small, T c is further reduced in the weak coupling BCS formalism to about 100K. Note that this quantitative agreement with experiments is obtained without the need of ad-hoc fitting parameters. It is also important to remark that the presence of a finite optimal density of holes cannot be achieved if a simpler (cosk x + cosk y ) 2 dispersion is used. Thus, as noticed in
Ref. [8] , the small energy difference between k = (π/2, π/2) and (π, 0) in the hole dispersion is crucial for the quantitative success of this approach.
From the gap equation, the ratio R(T) = 2∆ max (T)/kT c can be calculated, (for a d-wave condensate at temperature T, ∆ max (T) is defined as the maximum value of the gap). In We have also verified that an important feature of previous vH scenarios also exists in our model, i.e. a quasiparticle lifetime linear with frequency at the optimal doping. To carry out the calculation we switched off the attractive term, introduce particle-particle repulsion within the same sublattice at distance one, [27] and carry out the standard one bubble approximation to get the imaginary part of the self-energy. The result shows a linear behavior at the optimal doping (Fig.4b) . Finally, let us address the stability of the van Hove singularity against effects not explicitly considered in the Hamiltonian. In some van Hove theories the singularity in the DOS is rapidly removed by inhomogeneities or 3D effects. For example, the DOS of a 2D tight-binding model with dispersion ǫ k = −2t(cosk x + cosk y ) is plotted in Fig.4c with an energy-independent broadening Γ = 0.02eV using N(ω) = 2 πN k Γ (ω−ǫ k ) 2 +Γ 2 , and t = 0.4eV. Fig.4c shows that the singularity is unobservable with this broadening.
However, for the dispersion of the AFVH model the situation is different since the carriers bandwidth is narrow, with a scale setup by J, and there is a large accumulation of weight in the DOS at low energy. In other words, the number of states in the vicinity of the vH singularity is of the order of the total number of states in the full band. For these reasons the influence of disorder on the DOS is milder in the AFVH model, where a large peak can still be seen in Fig.4c even with a broadening Γ = 0.02eV . 
